FUCHSIAN DIFFERENTIAL EQUATIONS: NOTES FALL 2022

Herwig HAUSER, University of Vienna

NOTES PART I: EXAMPLES

Let us present a bunch of differential equations with different types of singularities. Most of them are

classical and have a geometric or number theoretic background.

The numeration follows the forthcoming Lecture Notes on Fuchsian Differential Equations. The write-up
is (very) preliminary and sketchy, be cautious for errors or typos. Nothing will be proven yet. References

will be added later on.

(B8 0) Differential equations with constant leading term and holomorphic coefficients have no singularities
in C. They might have singularities at co. [Try to find an example of such a singularity at co!] At all

non-singular points, Cauchy’s theorem applies, and not much more can be said.

(B9 1) The Euler equation ) ;- c;xty® = 0 is the prototype of an equation with a regular singularity at

pi(z) _ an’’
po(x) ™

differential equations with at most two regular singularities, say, at 0 and oo, are already Euler equations. If

0 (and at oo). Indeed, the quotients equal 2 ~% and have all poles of exact order i at 0. All

all exponents p; are distinct, the monomials y(z) = x”i form a C-basis of solutions. If a local exponent p

has multiplicity m, the respective solutions are z*, z* log(x),..., z* log(x)™ L.

(B10 2) The (second order) hypergeometric equation was considered already by Euler (1707-1783) and
studied later extensively by Gauss (1777-1855). It has the form
z(x—1y" + ((a+b+ 1)z — )y +aby =0,

with a,b,c € C. At first glance, the equation may seem rather arbitrary. This is not the case: on the
contrary! It has three singularities, namely at 0, 1 and oco. All three are regular. All second order

linear differential equations with three regular singularities are equivalent, via an automorphism of P,

i.e., a Mobius transformation, to the above form: take a fractional linear transformation x — C;iig , with

(: g ) € SLo(C) and a multiplication of the y-variable by a monomial. So the Gauss hypergeometric
equation covers all these cases. The exponents at 0, 1 and oo are 0 and 1 — ¢, respectively, 0 and ¢ — a — b,
respectively a and b. The position of the three singularities and the values of their exponents determine the

hypergeometric equation completely.

A basis of solutions of the hypergeometric equation with parameters a, b, ¢ [excluding some special values]
is given by the hypergeometric series (denote by ak = a(a +1)---(a + k — 1) the rising factorial or
Pochhammer symbol)

y1(x) = oF1(a,b;c;x) = Z a

k

—
k|

= k!
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yo(z) =21 % F(a—c+1,b—c+1;2 —c; ).

Idea of proof. The action of SL2(C) on P} by Mébius transformation is 3-transitive: any triple of distinct

points can be mapped by the action of SL2(C) to any other triple of distinct points: If a1, as, ag are three

(az—az)(z—a1)
(az—a1)(z—as3)

differential equation with three regular singular points, we may assume that these are located at 0, 1, and

distinct points, apply © — and obtain 0, 1, oo [Ince, p. 497]. Therefore, given a second order

0. As the equation has order 2, there will be for each of these points 2 local exponents.

A prospective solution y(x) of the differential equation is factored into y(z) = x %0 (x — 1) 7%t - z(x). This
yields for z(z) a new differential equation with the same singularities but modified exponents (0, pg — 09),
(0,01 — 01) and (poo + 00 + 01,000 + 009 + 01). Thus the scheme of exponents has become the same
as the one for the hypergeometric equation. As the location of the singularities and their local exponents

determine the differential equation, we are done.

In [Ince, p. 496] a similar procedure is applied (for second order equations): Assume that a € C is a
regular singularity with exponents p and p + % Multiply the variable y in the differential equation by
(x —a)~", set 2 = (x — a) "y, and get a differential equation for z whose exponents are now 0 and %
[please check this!]. This can be done simultaneously for all singularities in C, regardless of the type of
the singularity at oo, whose exponents do not change under the transformation. Of course, from a solution
z(x) of the new differential equation the solution of the original equation can easily be reconstructed via

y(z) = (z = a)Pz(z).

Landau indicates instances already observed by Schwarz for the algebraicity of all the solutions expressed
in terms of the parameters a, b, c and the differences ¢ — a, ¢ — b. He uses Eisenstein’s theorem to deduce

these conditions in a mostly computational manner, see also [Hopp].

(B10’ 2’) The general hypergeometric equation. Write an n-th order differential operator L as an operator

in d = x20,,
Ls =0"+q(2)0" 1+ ...+ gu1(2)0 + qn(2),

with g; € C(x) rational functions. It has regular singularities in 0, 1 and oo and is non-singular elsewhere
if and only if [Beukers-Heckman, Prop. 2.1, p. 327]

ql(x) = Z;‘:O Cij (J} - 1)_j, for Cij € C.
It is called hypergeometric if
gi(z) = cio+ca(z—1)7"

for all 4, i.e., if the poles of ¢; at x = 1 have at most order 1. In this case, one may factor (1 — z)L into

[Beukers-Heckman, p. 327]
I-2)L=0+p—1) - (0+Bn—1) —z(d+a) (0 +an)

with ay, B; € C. The local exponents at 0, 1 and co are 1 — f1,...,1 — S, atz = 0, g, ..., at T = 00,
and 0,1,...,n—2and >, B; — >, o atz = 1. If By, ..., B,, are pairwise not congruent modulo Z, a
basis of solutions of Ly = 0 is given by

~

Z/z(ﬂf) = xl_ﬁinFn—l(l +a; — ﬁ% ) 14 Qp — ﬁ’u 1 + /81 - ﬁia sy 17 ceey 1 + Bn - Bzyx),

where 1 + 5; — B; = 1 is omitted and where
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(B11 3) Here is an example of a (regular) singular differential equation whose solutions are nevertheless
nice: Take 2%y” — 3xy’ + 3y = 0. This is an Euler equation. The indicial polynomialis p(p—1) —3p+3 =
p? —4p+3 = (p—1)(p— 3). The solutions are spanned by y; (z) = x, y2(x) = 23, hence holomorphic
despite the presence of the singularity. The singularities of differential equations which admit a basis of

locally holomorphic solutions are called apparent singularities. They are kind of “harmless”.

(B12 4) In general, the local solutions of a regular singular differential equation are no longer power series
(not even formal ones). Take 2%y” — 2y’ + y = 0 with indicial polynomial (p — 1) and solutions z and
xlog(z). And the equation 2y’ — ay = 0 has local solution cz®, ¢ € C, for any a € C. For o ¢ Z, this

defines a “multivalued” function z® = exp(«a log(x)) at 0.
(B13 5) The Legendre differential equation
At —1)z"+4(2t—1)z'+2=0

is associated to the family of elliptic curves E; : y? = x(x —1)(z —t), t € C, by integrating the (essentially)
unique holomorphic 1-form
dx dy

Ty T G —n@ )2

on E;. Then the integral z(t) = fv wy of wy along a closed path v on E} satisfies the differential equation

[...the path has to be varied continuously with ¢, but this does not affect the integral]. The equation has

clearly regular singularities at 0 and 1, but what about co?

(B14 6) The Bessel equation is #2y” + 2y’ + (2% — a?)y = 0 with o € C. For a # 0, it has a regular
singularity at 0. At oo, the transformed equation is z*y” 4+ 23y’ 4 (1 — a?2?)y = 0, hence oo is an irregular

singularity of the Bessel equation.

Exponents at 0 are +a, first local solution y;(z) = z* Y .2, ¢;x?, cg = 1, with linear recursion (i +

2a)¢; + ¢i—g = 0, ¢; = 0 for ¢ odd. This is the Bessel function. Second solution (for o # 0) is

more complicated and involves harmonic numbers h; = Y., _; + and the Euler-Mascheroni constant

v = lim;_ o0 (h; — log(i)) = 0.577216...; it is of the form yo(x) = 27 "2(z) + clog(x)y, (z). The case

a = 0 has to be treated separately.

The Bessel functions arise naturally when solving the Poisson equation for a system with cylindrical

symmetry.

[physics stackexchange: https://physics.stackexchange.com/questions/145177/what-physical-phenomena-

are-modelled-by-chebyshev-equation]
(B15 7) Apéry’s differential equation is of the form
(2% — 3423 + 22)y" + (623 — 15322 + 32)y” + (722 — 1122 + 1)y’ + (z — 5)y = 0.

It has four regular singularities, at 0, co and (1 & \@)4 (see example (P7)). The associated linear recursion

has order 2, with cubic coefficients,
K3y, = (34k® — 51k% + 27k — 5)cp—1 — (K — 1)3cp_o.

3
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For initial values ¢y = 1 and ¢; = 5 one obtains integer values ¢, = Zf:o (

3

k;”) ? (’f) ® For initial values

¢op = 0and ¢; = 6 one obtains only that lem(1, 2, ..., k)¢, is integral, while ¢y, itself is not globally bounded

(Icm denotes the lowest common multiple).

As a matter of curiosity, the square-root /y(z) of a solution to Apéry’s equation satisfies a differential

equation of second order, namely
(2% — 3422 + 2)y” + (222 — blo + 1)y’ + +(z — 10)y = 0.
One says that Apéry’s equation is the square of the latter equation. The second order equation has the same
four regular singularities, at 0, co, and (1 + \@)4. The respective linear recursion is
k%ci, = (34k? — 51k +39/2)cp_1 — (k — 3/2)%cp_o.
(B16 8) The Airy equation " — 2y = 0 (George Biddell Airy, 1801-1892, article on optics from 1838) has a

unique singular point, namely at co. The local form at oo corresponds to the equation z°y" 4 2z%y’ —y = 0

at 0. Setting Y = (y,y")T, we get the equivalent system of first order linear differential equations

0 1
Yi= <x5 —2x1> v

representing the Airy equation at co. A fundamental matrix of solutions of this system (now considered at
0)is

Y (z) = ®(z)2x’ UeQW®

(11 _(1/4 0 [ —2/32°/2 0
U(1 —1>’J(0 —3/4)’Q< 0 2/3m3/2)’

and some function ® (). Outside oo, the local solutions are surprisingly complicated: [Mahaffy] gives as

with

solutions at 0 the expansions

_ - 1 3k - 1 3k+1
y(x)70012)2-3-5.6---(%—1)31@:1" +Cl;)3~4-6-7~-~3k(3k+1)w

= coAi(z) + 1 Bi(x)

with the Airy functions
, L[> 1.,
Ai(z) = — cos(gz + z2)dz,
0

s

1 [ 1 1
Bi(z) = - /0 exp(—gz3 +axz) + sin(gz3 + zz)dz,

For a graphical presentation, see [Mahafty, p. 8]. Both functions oscillate on the negative real axis, while
on the positive real axis Ai tends to 0 and Bi to oo. Airy’s equation is related to the one-dimensional time

independent Schrodinger equation with total energy F

ho,
— '+ V(x)y = Ey.
om? +Vi(z)y Y

This equation becomes for the special potential V' (x) = « the (modified) Airy equation

(B17 9) The operators L; = 220% — 20 — x>, Ly = 220? — 20 — 22 and L3 = 220? — 20 — x have the
same initial form in(L;) = 220? — xd but show quite different behaviour when one tries to find normal

forms for them and to compute their power series solutions [Gann-Hauser, ex. 1, 1bis qter, p- 14].

4



HAUSER: FUCHSIAN DIFFERENTIAL EQUATIONS, PART I

(B18 10) Here are four second order differential equations with four regular singular points admitting at

least one power series solution with integral coefficients [ChCh2, p. 20],
z(x? = 1)y" + (32® —= 1)y + 2y = 0.
z(2? + 32+ 3)y" + (322 + 62+ 3)y + (z + 1)y = 0.
2(x —1)(z+8)y" + (322 — 14z — 8)y' + (z +2)y = 0.
z(z? + 11z — 1)y" + (322 + 222 — 1)y’ + (z + 3)y = 0.

In general, it seems to be extremely difficult to detect from the differential equation whether there exists
a solution with integer coefficients (for a suitable choice of initial values). Apéry’s equation is such an
example. Zagier made a whole search for further examples. Among a 100 million computed cases of Apéry

type equations, he found only seventeen equations with integral solutions.

(B19 11) (22 — b?) (2% — Ay + 2(2? = b® + 2% — )y’ — [m(m + 1)2® — (b2 + ¢®)ply = 0 Lamé’s

equation.

(B20 12) Legendre’s equation, with eigenvalue \. Solutions can be extended into singularity if and only
if A\ = n(n + 1), and the solutions are then the associated Legendre polynomials. The equation arises
naturally when solving the Poisson equation for a system with spherical symmetry (such as the hydrogen

atom). Legendre’s equation occurs quite often in areas such as electrodynamics and quantum mechanics.

[physics stackexchange: https://physics.stackexchange.com/questions/145177/what-physical-phenomena-
are-modelled-by-chebyshev-equation]

(B21 13) (2 —1)y” +xy’ — A%y = 0 Chebyshev’s equation. Regular singularities at +-1 and co. Recursion

i2—)\2

Civ2 = maGr) Gt Solutions involve Chebyshev polynomials of first and second kind.

[physics stackexchange: https://physics.stackexchange.com/questions/145177/what-physical-phenomena-
are-modelled-by-chebyshev-equation]

(B22 14) y" — 2zy’ + Ay = 0,

Hermite’s equation. Irregular singularity at oo. Solutions at 0 are holomorphic, can be expressed as linear

combinations of two hypergeometric series, the second being the Hermite polynomial H,, if A = 2n € 2N.

-

The recursion for the coefficients is ¢; o2 = m

[https://mathworld.wolfram.com/HermiteDifferential Equation.html]

Hi(z) = 2z, Ha(z) = 422 — 2, H3(x) = 82 — 12z, ...

Exponential generating function: Y.~ | Hy(z)4t" = e2et—t,

B2315)ay" +(v+1—2)y + \y=0,

Laguerre’s equation. Regular singularity at O and irregular singularity at co. If A € N, the solution at 0
is polynomial and thus extends into 0, giving the associated Laguerre polynomial for arbitary n, and the
(classical) Laguerre polynomial for v = 0. The recursion for the coefficients is ¢; 1 = Wijqu.
[Wolfram: https://archive.lib.msu.edu/crcmath/math/math/1/1039.htm]

Physics Forum: The equation arises in solving Schrédinger’s equation to find the quantum-mechanical wave

function of hydrogen. Specifically, it’s associated with the radial part of the wave function.

5
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[https://www.physicsforums.com/threads/uses-of-laguerre-differential-equ.222949/]
(B2416) 2y + (¢ —z)y’ —ay =0,

Kummer’s equation (confluent hypergeometric equation). Has regular singularity at 0 and irregular singu-
larity at oo. It is called confluent since in the hypergeometric equation with three singular points two are

merged to one singularity.
[https://math.stackexchange.com/questions/190486/transforming-differential-equation-to-a-kummers-equation]
B2517) (1 —2H)y" —2(p+Vzy' + (v —p)(v+p+ 1)y =0,

Gegenbauer’s equation, singularities at +1. If —1/2 + p 4 v is an integer n, one of the solutions is the

Gegenbauer polynomial C,, ().
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NOTES PART II: BASICS

Singularities of differential equations. A pointa € PL = C U {oo} is called a singularity of a monic
complex linear differential equation with meromorphic coefficients Ly = 3™ + p1y»= +... 4 p,y = 0
if at least one of the coefficients p; () has a pole at a. If all p; are holomorphic at a, then a is a non-singular
point of L. A singularity is called regular if it has a basis of local solutions which have moderate growth as
one approaches the singular point. This is for the moment just an intuitive definition which still has to be
made precise (also, the concept of basis of solutions is not specified rigorously yet). We will show later that
regularity is equivalent to saying that for every ¢ = 1, ..., n, the order of the pole of p;(x) at a is at most i.

A singular point which is not regular is called an irreqular singularity.

A point a € CU {oo} is called apparent singularity of L if Ly = 0 possesses locally at a a basis of
holomorphic solutions. In example 4 from above, 0 is an apparent singularity, since the local solutions at 0

are polynomials.

Let L = Y70 (p;j07 = 30 (> 2 cijz'd be a differential operator with polynomial, holomorphic or

formal coefficients p;(z) = Yo c;;x. The initial form (or initial operator) of L at 0 is the operator
LQ = in(L) = Ziszr Cijl‘j’aj,
where 7 = min,,; x0{i — j} € Z is the shift of L (or rather of L) at 0. The polynomial

xL(r) = Zi—j:q— Cz‘jrl,
where 72 = r(r — 1) --- (r — j + 1) denotes the falling factorial, is called the indicial or characteristic
polynomial of L at 0. Cleary, x, = Xr,. Analogous definitions hold at other points a € P{, taking into
account the respective Taylor expansions of the coefficients of L at a, replacing x by  — a if a € C and
leaving O invariant. For a = oo, one has to replace in the coefficients of L the variable x by % and adjust
accordingly the derivations 9°, using the differentiation rules for 9°[ f ( % )]. In particular, O has to be replaced

by — 1%6. The resulting operator has then to be considered at 0 (see below).

If a is a non-singular point or a regular singularity of the differential operator L, then the complex roots of

the indicial polynomial y;, of L at a are called the local exponents of L at a.

Fact. The point 0 is a non-singular point or a reqular singularity of L if and only if the initial form
Lo of L has the same order as L.

Proof. The assertion is easily checked using the order condition on the poles from above. An extensive

characterization of regular singularities will be provided later on. O

Expansion at infinity. If L = Z}l:o >oco c;;x'07 is a differential operator on P} with meromorphic
coefficients p; we may expand L in a local chart at oo. To this end, replace x by % in the coefficients p;(x)
and in the solutions y(z) of Ly = 0. Let us call ¢ this automorphism of PL. Applying ¢ results in a
change of the differential operator L to an operator ¢* (L) — the pullback of L under ¢ — where now also the
derivations 9 will have to be adapted. In fact, for a function f, the i-th derivative 9'[f ()] = 8'[f (¢(z))]
can be expressed as the composition of a differential operator L; = 1*(9") applied to f(x) with the
subsequent substitution of = by 1, say, 9°[f(2)] = (L;f)(%). In particular, we will have

Ly=-=0, since 0[f(2)] = ~=(0)(2).

7
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1

1
Ly=— 0" +2-50,  since [f(1)] = H(@)(L) +2507)(2)
1 1 1
L3 == —582 - 6;82 - 6;8,

since [ (1)] = — 5 (01)() — 4 (021)(2) — 25 (82N)(3) — 65 () ().

Example. (I11) Let us take the operator L = 239% — (z — 22)d + 1. It has initial form Ly = —20 + 1 at
the origin 0 of C. As its order is smaller than the order of L, the point 0 is an irregular singularity of L. For
instance, y(x) = Zzio E!z*+1 is a divergent formal power series solution of Ly = 0. Let us compute the

expansion of L at co. Substitution gives

et lgpyt 1y 1 1, 1 _
¢(L)_$3x4a +2x3x38 (x x2)( $2)8+1_
1 .5 1 1
?8 +[2$8+$—F}8+1

Multiplication with the common denominator 27 results in the operator
L=08+[2z+2'— 230 +a",

which is non-singular at 0. This shows that the local structure of a differential equation at oo may not be

immediately obvious from the expansion of the operator at 0.

Systems of linear differential equations. Let (K, 0) be a differential field, i.e., a field together with a
derivation 0 : K — K (think of K the field of meromorphic functions and 0 = % the usual derivative).
The field of constants C' C K consists of the elements f with f = 0. A system of n linear first order

equations over K is of the form

Yl =anyi + -+ anYn

y; =0n1Y1 + -+ GpnYn

or, in matrix notation, Y = AY’, with the unknown column vector Y = (Y1, Y5, ..., Y,,)? and an (n x n)
matrix A = (a;;) € M,,(K). Here  acts on K™ componentswise, i.e., (Y1, ..., Y,)T = (9Y1, ..., 0Y,,)T.

The induced linear map is
L=0—-A:K"— K",
Y — Y — AY.

If K C K'is a field extension with ' : K’ — K’ extending 0 : K — K, any vector Y € K'™ such that
dY = AY is called a solution of Y = AY in K’. An (n x n) invertible matrix & € GL,(K') with
@' = A® is called a fundamental solution matrizof Y’ = AY in K.

Remark. We will see later that the set Solx := {Y € K", 9Y = AY'} is a vector space of dimension
< n over the field of constants C' of K. In general, dimc(Solx) < n. However, there always exists a
differential field extension K C K’ such that over K’ the solution space has dimension n. Such extensions

are known, if they are minimal, as Picard-Vessiot extensions [vdPS].

Ezample. (I113) Let K be one of the fields C{{z}} = Quot(C{z}) or C((x)) = Quot(C[[z]]) equipped
with the derivation 0 : K — K defined by Ox = 1l andset 6 =20 : K — K, dx = z. If A € M,,(K), we

obtain the maps
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0—A: K" — K",

Y=Y — AY,

and

0—A:K"— K",

Y — 2V’ — AY.
For example, consider the system Y/ = AY with A = ( i w}_g ) We have Y’ = AY if and only
if yf = y2 and ¢ = —%yl + @yg. This gives, setting y = y; and 3’ = o [exercise: check the

(z+42)

formulas] the scalar equation y” = —2y + 2/ say 2y — (z + 2)y’ + 2y = 0. Then y; (z) = e® and

yo(z) =142+ %xZ are C-linearly independent solutions of this equation. Therefore
e.’t
(<)

1+x+%x2
1+
z 1+x+%x2

are linearly independent solutions of Y/ = AY and hence ® = (Zm 142

and

) is a fundamental

solution matrix of the system Y’ = AY.

The singularities of the system 0Y = AY are the poles of the entries of A. Similarly as for scalar equations,
a singularity of a system is called apparent if there exists a fundamental solution matrix ?(:r) of 0Y = AY

with holomorphic entries.

Remark. Note that if we replace Y by PY in the system, where P € GL,,(K) is an invertible matrix, we

obtain a new system
oY = (P~1AP - P71oP)Y =: BY,

with B = P"1AP — P~19P. Two systems 9Y = AY and 0Y = BY are called gauge equivalent (over
K) if there exists P € GL,,(K) so that B = P"'AP — P719P. If P € GL,(K’) for some differential
field extension K’ of K then Y = AY and 9Y = BY are called gauge equivalent over K.

Expressed in terms of maps we get from (P~ 090 P)(Y) = P~Y(0(PY)) = P~1(OP)Y + P~1PoY =
P~YOP)Y +9Y = (P710P + 9)Y that

0—B=Plo(@—A)oP=PlodoP—PloAoP
— P~ l9P+0— PlAP
=0 — (P~'AP — P19P)
= P~1AP — P~19P.

Lemma (Josef Maria Hoéné-Wroriski, 1776-1853) Let be given m holomorphic functions yi,...,Yn
defined in a neighborhood of 0 € C. They are C-linearly dependent if and only if the Wronskian

matrix
Y1 to Yn
i Y
Wy, .oy Yn) = )
ygn'—l) . yr(ln.—l)

9
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formed by the row vector (yi, ..., yn) and its first n — 1 derivatives has zero determinant.

Remarks. (a) This can be done as an exercise, using induction on n, see below. See also [Honda, Lemma,
p. 172, resp. Kol1] for a characteristic p version: If the determinant of Wronskian vanishes, then y1, ..., Y,

are linearly dependent over K (zP). See also appendix B in [diVi2].

(b) The case n = 2 is particularly instructive. Let y = y(x) and z = z(z) be two holomorphic functions,

not identically 0, and assume that their Wronskian determinant is 0,
z
det (5, z’) =yz —y'z=0.

This is equivalent to E/ = i/ and thus to log(y)’ = log(z)’. We get equivalently log y = log z + ¢ for some
y oz

constant ¢ € C, hence y = €€ - z as claimed.

Proof. We prove the non-trivial implication. It is a bit tricky. So let W (yy, ...,y ) have zero determinant.

If n =1, we get y; = 0. We now assume n > 2, and wlog that y,, # 0. One checks by computation that

det(W (y1, -, yn)) = ¥y - det(W(y1/Yn; - Yn—1/Yn; 1)),

and

detW(Y1/Yns s Yn—1/yn: 1)) = (=1)" - det(W ((y1/yn)"; -, (Un—1/yn)"))-

Applying the lemma in the case n — 1 we get constants cy, ..., ¢,—1 € C such that

e (Y1/yn) + -+ en1 (Yn—1/yn) = 0.
It follows that
L Y1/Yn + F Ca1  Yn—1/Yn = €,
for some ¢ € C. This shows that ¥, ..., y,, are C-linearly dependent. O

Corollary. An n-th order linear differential equation Ly = 0 with holomorphic coefficients has at
most n C-linearly independent local holomorphic solutions.

Proof. Assume we had n + 1 solutions y, ..., yp+1. The columns of W (yi,...,yn+1) are given by
(yi, Yl ...,yi”fl),ygn))T. The entries of each of these vectors are C{z}-linearly dependent since they
satisfy the linear relation given by Ly = 0. It follows that the determinant of W (y1, ..., Yn+1) is zero. By

Wronski’s lemma we conclude that 4, ..., y,,41 are C-linearly dependent. O

Lemma. Consider two n-th order linear differential equations Ly =0 and My = 0. Assume given
holomorphic functions yi, ..., Y at O which form a basis of solutions for both L and M. Then there

exists a meromorphic function h at O such that M = h - L.

Proof. 1t is sufficient to prove the assertion for formal power series operators. The convergent case goes
along the same lines. Let C((z)) denote the quotient field of C[[z]], i.e., the field of formal Laurent series.
Define a map « : C((x))[0] — C((x))", sending a differential operator N to the vector (Ny1, ..., Ny,)
given by evaluation. By definition, L and M belong to the kernel of o. But C((x))[d] is a polynomial
ring over a field and hence a principal ideal domain. Hence Ker(«) is generated by one operator N, and
L and M are C((x))[0]-multiples of it. But y1, ..., y,, are then also C-linearly independent solutions of N,
therefore N has order at least n. As L and M are multiples of it (as elements of the ring C((x))[d]), N
must have order n. This implies that L = f - N, M = g - N for suitable f,g € C((z)). Setting h = f/g
we get M = g - L as required. O

10
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NOTES PART III: EULER EQUATIONS

The objective of this section is to describe the local solutions of Euler differential equations Loy = 0 at 0

in the case where a local exponent p is a multiple root of the indicial polynomial xr,,.

The situation for general linear differential equations Ly = 0 (always assuming the singularities to be
regular) will be discussed in a later chapter. The construction of solutions of Ly = 0 goes back to Fuchs
and Frobenius. The latter cites in [Frob1] two papers of Fuchs as predecessors of his investigation [Fuchsl,
Fuchs2] as well as a paper of Thomé [Thoml], p. 200, shortening the proof of Fuchs, see also [Thom?2,
Thom3]. In [Mez, p. 58] the author attributes the first description of the solutions and the use of variation of
constants to Fuchs, while Frobenius improved and simplified Fuchs’ construction by treating the solutions
involving logarithms directly. See [Gray, J.: Linear differential equations and group theory from Riemann

to Poincaré. Birkhauser, 2000] for a historical account.

Ince [Ince, footnote, p. 396] reproduces quite accurately their methods, see also section 4.3 in [Mez]. You
may also consult [Teschl, section 4.4, p. 134] for an exposition of Frobenius’ method. Mezzarobba presents
also another method to construct solutions, developed apparently by Heffter in 1894 and exposed in the
book of Poole from 1936, see [Mez, section 4.4, Poole, V.16]. We will present here a slightly modernized

version of the Frobenius story. Some astonishing turns will enrich our journey.

It turns out that from now on logarithms will appear. As these are no longer holomorphic at 0 and thus do
not admit a power series expansion, we have to enlarge our space of functions C{z}, C[[z]] or C((x)) so
as to include also powers log(x)¥. We do this universally by adjoining a variable z which will mimic the
role of log(x). In the sequel, C((x)) will denote a field of formal Laurent series with monomials whose
exponents may even be complex numbers. In order to have a well defined multiplication, we restrict to the
field generated by series of the form h = 2” > ¢;z" with p € C and i € N. We will neglect in this
section convergence questions and only work formally. Monomials 2” with complex exponents p € C will
not do any harm: differentiation is defined as usual, 0z” = px”~'. Integration is given by Jar = ﬁx”‘“
provided that p # —1.

We denote by C((x))[z] the ring of polynomials in a new variable z with coefficients in C((x)). Working
with C((z))[#] instead of the polynomial ring C((z))[log(z)] in log(z) has notational advantages — the
substance is of course the same. Compare with page 184 in [Honda, T.: Algebraic differential equations,
Symp. Math. 24, 169-204. Academic Press 1981]. We consider C((x))[#] as a differential ring via the
derivation
9: C((x))[2] = C((2))[2];
A(z) = d(z?) = iz~ L, dz =71,

Q( i k) — (iz—i—k)xi_lzk_l.

This construction formalizes the differential ring C((x))[log(x)] equipped with the usual differentiation
operator 9. We shall call 9 the logarithmic extension of O to C((x))[z]. We claim to have an isomorphism

of differential rings
((C((2))[z],8) = C((x))[log(x)], 9), z = log().

11



HAUSER: FUCHSIAN DIFFERENTIAL EQUATIONS, PART III

Indeed, the map is linear, surjective and, as d(log(z)) = (log(z))’ = 2~ !, compatible with the derivations
0 and 9. It is also injective since a relation Y ;- hy () log(x)* = 0 with hy € C((z)) implies that all hy,
are 0. This last part is due to the fact known from analysis that log(x) is transcendental over C((z)), i.e.,

does not satisfy any polynomial relation with coefficients in C((z)). We have the differentiation rule
(X g hue(2) ) = S0t Ol () 2R + S| khy(z)z—12F 1

Note that 9 does not increase the degree in z of polynomials in C((x))[z]. If we denote by C((x))[z] =
@D,-, C((x))[z]k the natural grading defined by the degree in z, we get by restriction maps

9 : C((x))[zlr — C((x))[2]x & C((x))[2]k-1-
We may thus write
0=0+80.:C((x))[z] = C((x))z],
where O(h(z)z")) = d(h(z))z* = h'(x)="* and where the map 6,, defined by
0.(h(x)2*) = h(2)d(*) = ka ™ h(w)2"!

sends C((x))[z]x to C((x))[#]k—1 for kK > 1, and is 0 on C((z)). This definition reflects, of course, the

differentiation rule for the logarithm,
A(h(z)log(z)*) = h'(z)log(z)* + kx~1h(x)log(x)k~ 1.

The image of 9 is the C-subspace H of C((x))[z] of polynomials Y}, k()2 satisfying the integrability

condition
O(xhg_1(x)) = khy(x)

for all & > 0. Integration on C((x)) is now defined by [ z* = ﬁxpﬂ forp# —1land [271 = u [we

set the additive constants equal to 0]. Itis amap [ : C((x)) — C((z))[2] which can be trivially extended
to the subspace H of C((z))[z]. Thus [ : H — C((x))[z] is a right inverse to 9, say d o [ = Idp.
Arbitrary elements Y, hi(z)z" € C((x))[2] cannot be integrated in general, so [ does not extend to a
map C((z))[z] — C((x))[z] inverse to O.

Let L be an n-th order linear differential operator on C((x)),
L =po0™ +p10" '+ ...+ pp-10 + pn,

with coefficients p; in C((z)). We extend L to the operator L on C((z))[#] defined by
L=pod" +p10" " +...+ P10+ pn.
L(h(x)2*) = 0h(x)2* + kh(z)z~12FL.

This operator is now compatible with the substitution of z by log(x):

Proposition. Let L be a differential operator on C((x)) with extension L to C((z))[z] as defined
above. Let p € C, k € N, and h(x) € Cl[z]] a formal power series. Then

L(a*h(z)log(x)*) = L(2°1(2)2") |2108(x)-
Proof. This holds by definition of 9 and since log(z)" = x 1. O

Corollary. The solutions of a differential equation Ly = 0 in C((x))[log(x)] are in bijection with
the solutions of the associated equation Ly = 0 in C((x))[z]. @)

12
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Ezample. The Euler equation z?y” + 32y’ + 1 = 0 with operator L = 229 + 320 + 1 has indicial
polynomial x7, = p(p — 1) + 3p + 1 = (p + 1)? with double root p = —1. It is immediately checked that
y1 = 2~ and yo = " log(z) are solutions of Ly = 0. The operator L = 229> + 320 + 1 therefore has,
as it should be, solutions x~! and z~u. Indeed, d(z~12) = 27 2(—z + 1) and

FPx12) =0(x 2 (—241) = 22 3(—24+1) —a 3 =232z — 3).
Thus,
Lz '2)=27'2z-3)+ 3z Y (—2+1)+a 2 =2"2(22-3-32+3+2) =0.

The proposition and its corollary guarantee that when we search for logarithmic solutions of a differential
equation Ly = 0 we may study instead the differential equation Ly = 0 on C((z))[z], with L associated to

L as above. This notational trick simplifies substantially the formulation of the problem.

The evaluation of the induced linear map L : C((z))[z] — C((z))[z] on elements Y hyz* requires a
multiple application of the product rule, since each &’ = (0 +0.)7 is a j-fold composition. We will see

that there evolves a precise pattern which we will explore next. We first concentrate on Euler operators.
Ezxamples. (1) Let L = 9 and L = 3. Then
O(2'2F) = i 1P + 2l k2P = (iz + k)t
(2)Let L = 9%, L = 0°. Then
% (zi2%) = Qlizi=12% + kaiz—12h-1)
= J(iz' 12k + kai—12F1)
= 2007228 4 kin? 2P k(i — D)2t 22k 4 k2t 2ph 2
= 201722k 1 (20 — 1)kt =22k 1 4 k202 2k -2
= 2007228 4 (42) kat 22k 4 %(ig)”kgxi_2zk_2,

where (t2) = (t(t — 1)) = 2t — 1 and (t2)"” = (t(t — 1))” = 2 denote the first and second derivatives of

t2 with respect to the variable ¢. This computation suggests a general formula for &’. Here it is.

Lemma 1. For j,¢ € N and p € C, denote by (p2)©) the evaluation at t = p of the (-th derivative
(1) O .= 9L (tL) of the falling factorial tL =t(t —1)---(t — j 4+ 1). Then

& (xP2F) = plar=i 28 4+ (pL) kar—I 21 4+ %(pi)(j)kixp*jzk*j.
= [p22 + (P k23" 4+ L (pD)DRI] - 2 2E
Remark. A similar formula appears in [Mezzarobba, Prop. 4.14 and 4.16, p. 69, 70].
Proof. To prove the formula, use induction on j and the following identities. O
Lemma 2. The derivatives of the falling factorials satisfy, for j € N, the identities
B (1) (- ) = (22,
(1) + §(E) (=) = $(eLy,

L) + 2E)" (- j) = Ly,

13
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ﬁ(ﬁ')@—l) + %((tz)m(t —j) = %(fﬂ)(a‘)y

L)) = Sl (L U+,

The general formula for £ =0,...,5 — 1 is

%(ti)“) + (z#)! ((tl)(Hl)(t —Jj)= (44}1)! (tﬂ)(ﬁl)-

Proof. The first equation follows directly from the product rule, say
() = (L2t - 5)) = () (¢ - j) + t.

The other identities are proven by successive differentiation of the first equation. For instance, deriving the

first equation gives
(L) + (t)"(t = j) + (&) = ()",

which is just the second equation. Differentiation of the equation for the general formula gives

LD (eil)l((tz)(uz) (t—j)+ (e%l)!((ti)(“” = ﬁ(tmym)_

Then use % + (Z%l)' = % to get the next equation

(£+11)! (t)e+) 4 ﬁ((ﬁ)(@r?) (t—j) = ﬁ(tm)ww.

This proves the claim. O

The next result, which follows from the above, will be the clue to understand why logarithms appear in the

solutions of differential equations when the local exponents are multiple roots of the indicial polynomial.

Lemma 3. Let Lo = Y., ;2’0" be an Euler operator of shift 0, and let Ly = > c;x'd" be the
associated operator on C((z))[z]. Denote by x(p) = > iy cipt the indicial polynomial of Ly, and
by xY) its j-th derivative. Let p € C and k € N. Then

Lo(Pz") = 27 - [x(p)2" + X (0)kz""" + ..+ Jx ™ (p) kb =]
Proof. This is a consequence of the formula for &’ (2”z*) in Lemma 1. O

Remark. Note that for k& < n (which will be the relevant case) no negative powers of z appear in the
expansion of L(z”z*) because kL = 0 for j > k. In this case the formula reduces to

L(@P2%) =27 - [x1(p)2* + X (k=" 4.+ gt P (0kELz + x P (o)k!).

Proposition. If p € C is an m-fold root of the indicial polynomial Py of an Euler operator Ly, then

m—1

z?, z*log(x),..., z* log(x) are solutions of Loy = 0.

Proof. Indeed, p being an m-fold root of x signifies that x(*)(p) = 0 for k = 0,...,m — 1, whence
Ly(zP2%) = 0. Substituting » by log(x) in this equation gives Lo(x” log(z)*) = 0. O

Corollary. Let Ly = 3, ,__ ¢;j2'07 € C((x))[9] be an Fuler operator with indicial polynomial
x(p) = Z?:O cijpr. Let py, ..., pq € C be the distinct roots of x, each with multiplicity m., ..., mq,
respectively. Then zPi, x°ilog(x),..., 2P log(x)™ ', i = 1,...,q, form a C-basis of local solutions
of Loy =0 at 0.

Proof. Clearly, these solutions are C-linearly independent. As there cannot be more than n = ord L =

deg x = >_7_, m; linearly independent solutions, they already form a C-basis. O

14
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Our next objective will be to “lift” the solutions of Euler equations to solutions of arbitary linear differential
equations Ly = 0 by interpreting the operator L as an arbitrarily small perturbation of its initial form
Ly = in(L). This cannot work without some extra effort since whereas the initial form L of an operator L
sends monomials z* in C((z)) to monomials x**7, this is no longer true for L, since already for L, = 0
we have that Ly(2'2%) = (iz 4+ k)z*~'2F~" is now a binomial in z. We may have to apply L;* to each
degree in 2, say, L~ : C((z))[z]x — C((x))[2]s, instead of trying with Ly '. But, of course, Ly ' is no
longer compatible with the substitution z — log(z). So complications will have to be expected - but we

will resolve them.

15
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NOTES PART IV: NORMAL FORM THEOREM WITHOUT LOGARITHMS

The situation we will consider in this section is as follows:

We denote by O the ring of germs at 0 of holomorphic functions on C. It identifies with the ring C{z} of
convergent power series. Its completion O = C[[x]] consists of formal power series. We will treat both
cases in parallel. Let L = Z?:o oo cijxt®’ € O[] be a linear differential operator with holomorphic

coefficients. Decompose it into
L=Lo+Li+Lo+---,

where L; are Euler operators of increasing shifts sg < s; < s2 < ---. Up to multiplication of L with a
monomial in z we may and will assume that L has shift 0, i.e., sends monomials x* to X(k)xk , where x
denotes the indicial polynomial of L (or, of L) at 0. We call L the initial form of L at 0. The roots p of x

in C are called the local exponents of L at 0, and their multiplicities are denoted by m,,.

We say that L has a reqular singularity at 0 if Lo is an operator of the same order as L. It is equivalent to

say that the coefficient ¢;,,, of L is non-zero, or that } 5, m, = n, orthat L = > ., a;j(x)d’ has quotients

n
J
a;/a, which a pole of order at most n — ¢ at 0. Fuchs’ original definition of regular singularities was
formulated in terms of the solutions, claiming that Ly = 0 has a basis of moderate solutions at 0. In a
later section we will make the meaning of “moderate” precise and prove the equivalence with the other

definitions .
Examples. (1) The equation 2¥3’ + 3 = 0 has a regular singularity at 0 if and only if k& < 1.

(2) The second order equation z¥y” 4+ ™3’ + y = 0 has a regular singularity at 0 if and only if 2™ /2% =
2™ has apole of order <2 —1 =1, and 1/xk = x — k has a pole of order < 2 — 0 = 2 at 0. This is
equivalent to k < 2 and k£ < m + 1. In particular, if £ = 2, then m > 1.

(3) Consider now 22y’ 432"y’ +y—xy = 0. The initial form at 0 is Ly = 2202+ 320+ 1 with shift 0, while
L, = —x, the multiplication with , has shift +1. The indicial polynomial xis p(p—1)+3p+1 = (p+1)2,
with root p = —1 of multiplicity m, = 2. The associated Euler equation Loy = 0 has solutions y; = z~*,

y2 = 2~ log(x). By the results of Fuchs-Thomé-Frobenius, the solutions of Ly = 0 are
y1 = 2 tho(x), yo = 27 hi(z) + 2~ og(x)ho(z)

with holomorphic functions hg, h1 € O. We will prove this in the course of the classes in a modern and

more conceptual language. Let us proceed step by step.

We start with the classical description of one specific local solution of a linear differential equation at a

regular singular point, assuming an extra assumption on the involved local exponent p:

Theorem. [Fuchs, Thomé, Frobenius] Let 0 be a regular singularity of an n-th order linear differential
equation Ly = 0 with holomorphic coefficients, and let p € C be a local exponent of L at 0. Assume
that p is a maximal local exponent of L modulo Z, i.e., that p + k is not a local exponent for any
integer k > 1. Then there exists a holomorphic function h(z) in the neighborhood of 0 such that
y(x) = xf - h(x) is a solution of Ly = 0.

‘We will establish this result as a corollary of the normal form theorem to be proven below. It goes as follows:

16
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Theorem. (Normal form theorem vs1, maximal exponent, no logarithms) Let L € O[d] be an n-th order
linear differential operator with holomorphic coefficients. Let p € C be a mazimal local exponent of
L at 0 modulo Z, i.e., such that p+ k is not a local exponent for any positive integer k. Denote by
Lg the initial form of L at 0, and assume that Ly has shift 0. Set F = 2O and F = 2O and write

also L and L for the linear maps on F and F induced by L. There exists a linear automorphism
u:F—>F
such that on F
Lou ' = L.
If 0 is a reqular singular point of L, then u restricts to a linear automorphism

u:F—F
such that on F
Lou™' = L.
This result justifies the wording that Ly is a normal form of L on F. From this we immediately obtain

Corollary. Let y; = zP be the first solution of the associated Euler equation Loy = 0. Then
ut(y1) = ut(zP) is a solution of Ly = 0. o

Remarks. (a) A suitable v is given as
u = Idlp(c{l} — S o T,

where S = Lo‘_?_[1 is the inverse of the restriction of Lg to a direct complement H of its kernel in F, and
where T = Lg — L is the negative of the tail of L. Its inverse v = u~1! is given as the geometric (or: von

Neumann) series v = Idz + > o, (S o T)*, see the proof.

(b) In case that p has multiplicity m, > 1, the other solutions y; = x* log(z)*~! of Loy = 0 can also be
lifted to solutions of Ly = 0, but this requires to introduce logarithms in the function space F. See below

part V.

(c) The regularity of the singularity of L is used only for the convergence part, i.e., that & sends F into F.
Later on, for constructing a whole basis of solutions, it will be used again so as to have sufficiently local

exponents, namely such that their multiplicities ) > m, = n sum up to n.

(d) The maximality of p with respect to Z among the local exponents of L is crucial. If this is not assumed,
more complicated function spaces F have to be considered, both for the normal form theorem and the

description of the solutions as in the corollary.

(e) The part for formal power series works for any field of characteristic 0. The case of positive characteristic
is much more complicated and has been developed and proven recently by Florian Fiirnsinn from the

University of Vienna.

17
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Here is a (preliminary) generalization of the normal form theorem from above, letting now L act on a space
F containing powers of logarithms, codified again through a new variable z. The precise statement and the

proof will be given in part V of the notes.

Theorem. (Normal form theorem vs2, maximal exponent, with logarithms) Let L € O[9] be an n-th order
linear differential operator with holomorphic coefficients. Let p € C be a maximal local exponent
of L at 0 modulo Z, i.e., such that p + k is not a local exponent for any positive integer k. Let
m =my, > 1 be its multiplicity. Denote by Lq the initial form of L at 0, and assume that Lo has
shift 0. Set F = xPO[z]<m and F= xp@[zkm, where < m stands for polynomials in z of degree
< m. Denote by 0 the extension of O to O[z] defined by Ox = 1, 0z = 2=, and write accordingly

L € O[] for the induced operator. There exists a linear automorphism u : F — F such that on F
Lo u = Lo-

If 0 is a reqular singular point of L, then U restricts to a linear automorphism u : F — JF such that
on F

Lou™! = L,.

Again, we immediately obtain

Corollary. Let y1 = 2°,...,ym, = 2 log(x)™ =1 be the solutions of the Euler equation Loy = 0.
Then u='(y1) = u= (@), ...,uw™ (ym,) = u~ ' (z” log(x)™ 1) are solutions of Ly = 0. @)

Remarks. (a) To get a basis of solutions of Ly = 0 one has to vary the local exponents p. But there might
occur two obstructions: First, some local exponents may not be maximal, and then extra caution has to be
taken; and, secondly, there the sum of the multiplicities m, may be strictly less than n. In this case, as seen
above, the singularity is not regular. There still exists a basis of solutions in a suitable function space. It
will involve exponentials exp(P(1/x?)) of rational functions, P a polynomial, ¢ € N an integer. This is a
classical theorem of Fabry from 1885. Nicholas Merkl from the University of Vienna is currently preparing

a modern version of it along the lines of the normal form theorem.

(b) The special shape of the solutions u~!(y;) of Ly = 0 as indicated in the theorem of Fuchs-Thomé-

Frobenius above follows from the explicit description of a suitable automorphism .

Proof. (a) We only prove here the normal form theorem in case where L acts on F = z* 0, respectively,
F = xO. This will already reveal the technique and the various arguments. The case of L acting on
F = x”O]z] goes along the same lines, and we will indicate the places where modifications have to be

applied.
Write L = Lg—T with =T = L1+ Lo+ - - - the tail of L. As T has positive shift (recall that L is assumed
to have shift 0), we have

T(zPO) C 2FH10.

This will be used in a moment. As Ly annihilates z*, we also get Lo(zO) C 2P ©. But now, as p
is maximal modulo Z among the local exponents of L, we know that Lo(z***) # 0 for all £ > 1. This
implies that Lo(F) = = F. It hence contains the image of 7. This is crucial for the argument to follow, and

it also holds for L and F = 2°O|[z], as one checks with a little patience.

Now, as Lg : F — xF is surjective, it induces a linear isomorphism when restricted to a direct complement
‘H of the kernel Ker(Ly) of Ly in F,

18



HAUSER: FUCHSIAN DIFFERENTIAL EQUATIONS, PART IV
L0|7_[ cH— o F.
Denote by S = LO\_Hl its inverse,
S:aF —H.

(b) At this point the proof splits into two case, the case of formal power series and the one with convergent
series. Let us do first the formal case, O = C[[z]], and write @ : 7 — x.F for the map defined above (we

still write L, S and T without “”~ ).
We claim that
ﬁ::Id]?—l—ZZO:l(SOT)k F—=F

is well defined and an inverse to u. To see this, juste recall that T, when applied to a power seres, increases
its order at least by 1. And .S preserves the order, since L has shift 0. Actually, one may choose for S the

map (the “integration operator”) defined by

1
S(zftF)y = —— . grtk,
& x(p+ k)
So S o T maps x™F into 21 F. But as C[[z]] is complete with respect to the x-adic topology (with
neighborhoods of 0 given by the powers ()™ of the maximal ideal (z)), we can conclude that ¥ defines

indeed a map from F to F. And clearly, v is then an inverse to u, all maps being linear.

It remains to prove that Loz o u = Lz, where we write subscripts to emphasize that we mean the linear
maps on JF and not the abstract operators. It is also helpful to convince oneself that in the equations below
all computations are valid transformations. The proof of the equality is now easy (and nice). Namely, we

have
Loy ou= Loz o (ldr — SoT)
— Loz o (Idg — So (Lo — L) 7)
= Loz o (Ids — So Loz + SoLz)
= Lojr —LojpoSoLor+LoroSoLix
— LojroSoly
=L,

using twice that .S is an inverse to Loy, and hence Lo r o S = Id, . And recall that L maps F into z.F,

so all compositions are well defined. This concludes the proof of the theorem for formal power series.

It is not hard to see that the same reasoning applies to the extension F = z°(|z] and the associated linear

map L. We leave this as an exercise.

(c) As for the convergent case, one has to look a bit carefully what the maps 7" and S do on power series
with prescribed radius of convergence. Let s > 0 be a small real number and denote by O, the ring of
power series h = Y - axx” such that ||, := >";7 |ax|s¥ < co. This is a Banach space, and | — |, is a
norm on it. We thus get the induced Banach space F; and linear maps Fs — F, can be equipped with the
operator norm (in the sense of functional analysis), denoted by || — ||s. We may choose s > 0 sufficiently
small such that L : s — F; is well defined (recall that L € O[0] has finitely many convergent coefficients,
hence belongs to O[] for s small).
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We show that ||(S o T)||s < 1. This will imply the convergence of the sum Y2 (S o T')* defining v as a
map on F;. To this end, we show that there is a constant 0 < C' < 1 such that

|S(T(xPh))|s < C - |zPhls

for all h € O,. The formulas are slightly complicated. For h = >/~ apz® € O we have

T(zh) Z Z (p+k)le akacp"”k'H 7,

i—j>0 k=0
and
(p+ k)L o

ST == 3 3G
Asi—j>0and k > 0,no p+ k + ¢ — j appearing in the denominator is a root of the indicial polynomial
x- Hence the ratio

(p+ k) (p+ k) (p+ k)
Xp+k+i—3) S _olmpthti—i)m S emm(ptk+i—j)m

is well defined. But, as the singularity of L is regular, the order of L is n and hence c,,, # 0. This implies

that (p + k + 7 — j)™ appears in the denominator with non-zero coefficient. It is at that place where the
regularity of the singularity is used in the proof. Note that in the ratio some ¢ could be less than j and hence
the respective p + k + ¢ — j would be smaller than the p + & in the numerator. But the bound j < n for
j nevertheless ensures that the ratio remains bounded, say < ¢, in absolute value as k tends to co. Taking

norms on both sides of the above equality for S(T'(z”h)) yields, for s < 1, the estimate
|S(T(z"h))|s < c Z Z |cijlar|sP TR = ¢ Z |cij|st~ @) Z |lax|s”TF.
i—j>0 k=0 i—j>0
But by assumption the coefficients >~ c;;xt of L belong to O for all j = 0,...,n. This implies in
particular )7 i c;jz" € Oy and then, after division by 27! and since i > j + 1, that

Zf; cijx =0+ € O,

We get that

Zz‘fj>0 |Cij|5i_(j) =s- Zi7j>0 \Cij|5i_(j+1) <cs

for some ¢’ > 0 independent of s. This inequality allows us to bound |.S(T(zh))|s from above by

|S(T(z"h))|s < cc’sz lax|s”TF = cc's|zh) .
k=0

Take now 0 < s sufficiently small with so < and get a constant 0 < C' < 1 such that for 0 < s < sq

CC/ s

one has
|S(T(xPh))|s < C - |2Phls.

This shows that ||(S o T')s|| < 1 holds on F for 0 < s < sq as required. The convergence proof is
completed. O

Remark. The convergence proof extends to F = x°O[z]<,, (polynomials in z of degree < m) since this
is a finite free module over O. As the action of L on this extended F does not increase the degree in z, the

restriction to this module is justified.
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NOTES PART V: NORMAL FORM THEOREM WITH LOGARITHMS

Let us recall from last time the second, more general version of the normal form theorem where the local
exponent p has multiplicity m = m, > 1 and where we considered the operator L as acting on the enlarged
function space F = x”O|[z]. In fact, we can (and will) even restrict to the smaller space F = z”O[z]| <, of
polynomials in 2z of degree < m. Normalizing the action of the operator L on this space will be sufficient
and perfectly suited to construct m solutions y; = x* log(z)*h;(z) of Ly = 0, with0 < i < mand h; € O
holomorphic. We will still have to assume that p is maximal with respect to Z. The case where p is no

longer maximal requires extra constructions and will be treated next time.

Theorem. (Normal form theorem vs2, maximal exponent, with logarithms) Let L = 3°7_ p;(x)07 € O[0)]
be an n-th order linear differential operator with holomorphic coefficients p; in O. Let p € C be a
maximal local exponent of L at 0 modulo Z, i.e., p+k is not a local exponent for any positive integer
k. Let m = m, > 1 be its multiplicity as a root of the indicial polynomial x of L. Denote by Ly
the initial form of L at 0, and assume that Lo has shift 0. Set F = x?O[z]<m and F = 2PO|z] <.
Denote by O the extension of O to O[z] defined by dx = 1, 9z = x~1, and write accordingly
L= Z?:o p;0’ € O[9) for the induced operator. There exists a linear automorphism T : Fo T

such that the linear mapsL and Ly on F induced by L and Lo satisfy
Lo ut= L.

Moreover, if 0 is a reqular singular point of L, then u restricts to a linear automorphism w : F — F

such that the linear maps on F induced by L and L, satisfy
Lo u = Lo-

Remarks. (a) The automorphism « is again of the form & = Idjg —SoT withT = Ly — L and S the
inverse of the restriction LO\?-AL of L to a direct complement H of its kernel in F as in the first version of

the normal form theorem. Accordingly, u has the formu =Idx — SoT.

(b) We do not allow L to have coefficients depending also on the variable z, i.e., lying in O[z]. This would
correspond to differential equations whose coefficients involve powers of logarithms. It is not clear whether

this case would have interesting applications.

(c) The convergence part of the theorem requires again that 0 is a regular singularity of L. The proof is

analogous to the case without logarithms, using the same estimates.
Before proving the theorem let us state immediately its central output about the solutions of Ly = 0:

Corollary. Let y; = z°, ...,y = x” log(z)™ ! be the solutions of the Euler equation Loy = 0. Then
uHy) = uHzP), ., u (ym) = ut(zPlog(z)™ 1) are solutions of Ly = 0. More explicitly,

these solutions are of the form, for 1 <i < m,
y1(z) = 2P (2),
ya2(x) = allha(z) + by (x)log(x)],
yi(x) = 2P[hi(z) + hiy (z) log(z) + . .. + ha(z) log(x)~1],
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with hy, ..., hy formal power series in 5, respectively, holomorphic functions in O.

Remark. The special shape of the solutions y;(x) stems from the explicit description of the normalizing

automorphism u as given above, see the proof of the theorem.

FEzxamples. The proof of the theorem will use the three lemmata 1, 2, 3 of part III (the section on Euler
operators) describing the extensions &’ and L of derivations and differential operators to Olz]. To geta

more concrete hold on these, let us consider two examples.

(1) Let E = 220? — 320 + 3 be an Euler operator with indicial polynomial x(¢) = (¢ + 1) and local

exponent p = —1 of multiplicity m = 2. Let it act on 2~ *O[z] 2. Then
E(x*2%) = 2 [(k +1)22° + 2(k + 1)iz* =1 4+ 2i(i — 1)2472).
We get Ker(E) = Cz~! @ Cz7 !z, and Im(E) = 227 10[2] <2 = O[2] <2.

(2) Let E = 239 — 42202 + 920 — 9 be an Euler operator with indicial polynomial x(¢) = (¢t —1)(t — 3)?

and local exponents p = 3 of multiplicity m = 2 and o = 1 of multiplicity 1. Let it act on xO[z]<2. Then
E(xk2%) = 2% [(k — 1)(k — 3)22° + (3k — 5)(k — 1)iz" =1 + (6k — 14)i2212 4 6i22°73].
The kernel is Ker(E) = Cz @ C2® @ Ca®2. Determine the image Im(E)!

(3) Let finally E = 220? — 20 be with x(t) = t(t — 2) and local exponents p = 2 and ¢ = 0, both of
multiplicity 1. Letit act on F = O + 220 = O since no logarithms are to be expected. Then

E(z*) = k(k — 2)2*

and hence Ker(E) = C @ Cz?2. The image is Im(E) = Cz + Oz3 C O, which is now strictly contained in
xF = x0. The “gap” occurs at 22, and this will cause serious problems when trying to apply the arguments
of the proof of the normal form theorem - recall that it relied heavily on the equality L,(F) = «F, and this
fails in the present example. The reason is that there is resonance between the two local exponents, say,

p — o € Z. We will show in part VI of the notes how to overcome this problem.
Proof. Recall from Lemma 1, part III, the formula
P =04 (09)0.+5(0)' 2+ ...+ ()0 +...+ £(0)Da,

where the derivatives (7)) are defined on O by (87)(®) (zt) = (#£)(Y2'~7 while leaving z invariant. For

an operator L = >77_, p;07 € 0[0] € 0|0 define accordingly its ¢-th derivative as
LO =37 p;j (099,
acting again on O while leaving 2 invariant. More explicitly,
(LD (x*27) = LO (2%) - 9L(27) = (kL)L . gh—izi—t,

Then the preceding formula extends for the action L of L on z”O|z] by linearity to
Lemma 4. In the above situation, one has

L=L+L0,+3L"0?+...+ LW+ ...+ LLMor.
We will call this decomposition the Taylor expansion of L on 2°O|z].

Let us now turn to the actual proof of the normal form theorem with logarithms. The formula in Lemma 4

applies in particular to the initial form Lo of L at 0. The key step is then, taking as function space on which
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L and L act the space F = 2°O|z|<,, where m = m,, is again the multiplicity of the local exponent p of

L, the following
Claim. The image of L, acting on F is xF,
Ly(F)=aF.

Proof. The inclusion Ly (F) C xF is straightforward. Indeed, if ¢ < m then it =0forl>m>i+ 1.

Therefore, the formula of Lemma 3,
Lo(zrz') = 27 - [x(p)2’ + X' (p)iz" " + ...+ XM (p)inz""],
reduces to
Lo(aP2") = 2# - [x(p)2' + X' (p)iz" ™" + ..+ Grigx T (pim=tat
This implies that L (2”2%) = 0 for i < m, say Ly(2C[z]<,m = 0. Thus Ly(F) C xF.

For the converse inclusion Ly(F) D xF we have to show that z°7*2% € L,(F) for all k > 1 and all
0 < ¢ < m. This is immediate if ¢ = 0: then

Lo(zt%) = Lo(a**) = x(p + k)ar**
and x(p + k) # 0 since p is maximal modulo Z. So z*** € L, (F) forall k > 1. Let now i > 0. We apply

induction on ¢. By Lemma 4 we know that

z

) ) n 1 )
Lo(m‘”rkz’) = Lo(xPF2h) + E ELée)ﬁe(a:erkzz).
In terms of the derivatives of the indicial polynomial x this reads as
, "1
ki k Z k i— Z
L0($p+2): x(p+ k)xPtr ;: ZX( P+k€ cxPtRy

The first summand is non-zero as before, and the polynomial in z defined by the sum of the second summand
has degree < i, hence belongs by induction on i to L,(F). Therefore 2°**2¢ € L(F) and the converse

inclusion Ly (F) D zF is shown.

From this point on, the proof follows exactly the proof of the normal form theorem from part IV of the
notes. The only thing to remark is that, for the convergence proof, one uses the fact that F = 2°O[z] <,y is

a finite free O-module and so the Banach space argument applies again. O
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NOTES PART VI: NORMAL FORM THEOREM, GENERAL CASE

Up to now we have always considered a local exponent p of L € O[6] which was maximal modulo Z, and
we proved for this case the normal form theorem on the function space F = 2°O[z]<,, where m is the
multiplicity of p as a root of the indicial polynomial x of L. We will now treat the general case of arbitrary
local exponents. It turns out that local exponents which differ by an integer pose extra problems. We will

call the occurrence of integer differences resonance.

To motivate our constructions, let us recall that the key step in the proof of the normal form theorem was to
determine the image L (F) of the initial form Lg of L and to prove that actually Ly(F) = xF. From this
follows that the tail 7' = Ly — L of L sends F into the image of L, which is the critical property used to

construct the normalizing automorphism u.
Let us illustrate first that a suitable definition of F is so obvious in case of resonance.

Example. Let Ly = x?0? — x0 be an Euler operator of shift 0 and with indicial polynomial x (¢) = ¢(t — 2).
The local exponents are 0 = 0 and p = 2, both of multiplicity 1. As both ¢ and p are simple roots of ), one
may expect that we can dispense of logarithms. A natural candidate for F seems to be F = 270 + 2O =

O + 220 = O. Let us compute its image under Ly. We get
Lo(0) = Cx + 230 C oF = z0.

So the image is strictly contained in #F. If you now take L = Lo — 220 with T = 220, we see that

T(z) = «? is not contained in zF. So the construction of the automorphism u breaks down.

To remedy this failure, let us introduce logarithms in F. We will describe two options to do this. The first

one turns out to be unsuccessful, while the second will work.
Attempt 1. Take
F =20+ 2PO)[z]<2 = Olz]<2 = O D Oz.

This looks like a reasonable choice. Let us write L, = x2Q2 — 20 for the action of the extension of L to
F. We get

Ly(F) =Cax + 230 + Ly(Oz).
To compute the last summand, recall from Lemma 3 in part III that
Lo (a*2) = 2*[x(k)z + X' (k)].

As x(t) = t(t — 2) and x'(t) = 2(t — 1) this gives

k=0: Lo(2) =0z+2(0—-1)=—-2;
k=1 Ly(zz) = =224+ 0= —az;
k=2: Ly(2%2) = 0222 + 22?2 = 22%;
k=3: Lo(232) = 3232 + 423,

Already the first case k = 0 shows that L,(F) ¢ «F. So this choice of F is not appropriate.
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Attempt 2. Let us now take
F =2°0[z]<1 + 2°0[2] <2 = O + 220 + 220z = O & 220z.

We have Ly(F) = Ly (O) + Ly(2*0z) with Ly (0) = Lo(O) = Cx + 230 as before. As for Ly(z?0z),

use again Lemma 3 to compute L, (z*z). We get as before

k=2: Ly(2°2) = 222,
k=3: Lo(232) = 3232 + 423,
k=4 Ly(z%2) = 8z*z + 6.

This implies

Lo(F) = Ly(O @ 2302) = Cx + 220 + C2? + 2302 = (0 @ 220z) = . F.

I'hat 1s precisely what we want - and 1t g1ves us a hint of how o define ./ 1n general.

Lemma 5. Let E € O[z] be an Euler operator with shift 0. Let Q be a set of local exponents of E

with integer differences, ordered increasingly,
p1r<p2<...<pr,
meaning that pry1 — prx € Nso. Let my be the multiplicity of p.. Set
F =" 0z]am; + 27202 <my4ms + - - + 27 Oz <oy 4mat.dm, -
Then
E(F)=aF.
Proof. (a) We show that E(F) C «F. Recall from Lemma 3 that
E(zP2') = 22 - [x(p)2" + X (p)iz' ™ + 5ix"(p)i22" % + ...+ 4x ™ (p)i%z" ).

Therefore, as X(j)(pk.) = 0for 0 < j < my, it follows that F sends F into

T

T T
E — E : E —1+1

xpko[z]<m1+---+mk71 - wpk0[2}<m1+--~+mk71 c zPrt O[Z]<m1+---+mk—1 CafF.
k=1 k=2 k=2

Here, we use that p;, — pr—1 € N5 and hence pi_1 + 1 < py. This proves that E(F) C z.F.

(b) We show that E(F) D z.F. It suffices to check that all monomials z°2¢ € z.F lie in the image, where

o =pr+eforsomek =1,...,r and e > 1, and where ¢ < my + ...+ my. We distinguish two cases.
(1) If o & Q, proceed by induction on i. Let i = 0. We have

E(z7) = E(z7) = x(0)2” # 0,
since o is not a root of x. So 7 € E(F). Let now ¢ > 0. Lemma 3 yields

o iy _ o i () o = g
E(x°2") = x(0)x2" + xY (0)x Elj!z )
J:

By the inductive hypothesis and using again that x(c) # 0, we end up with 272 € E(F).

(i) If o € Q, write 0 = pj, forsome 1 < k < 7. As 272" = xP* 2% € . F fori < my + ...+ my, and since

p1 < p2 < -+ < pp, we know that £ > 2 and
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T
o a3 Or et o
{=k

Hence

k—1

xPrt e Z Oz’ (2] <y +..+me-
=1

This implies in particular that 0 < ¢ < m; + ... + my_1, which will be used later on. We proceed by
induction on ¢. Let ¢ = 0. By Lemma 3,

mkfl y

e (me)L - ,
E(mp"zm") _ Z | X(j)(pk)xpkzmk iy x(m")(pk)l””“ — X(mk)(pwxm.
=0
Here, the sum in the first summand is 0 since py, is a root of x of multiplicity mg, and for the same reason,
the second summand x (") (p;.)x?* is non-zero. So % = xP* € E(F). Let now i > 0 and consider
272" = xP2' € o F. We will use that i < my + ...+ my_1 as observed above. Namely, this implies that
my +14 < mq + ...+ myg, so that zP* 2™+ is an element of F. Let us apply £ to it. Similarly as in the

case 7 = 0 we get

. n g
(17 + 1) X ()P 2 + E : (. ':' Z)’X(j)(pk)xpk i
J]:

j=mpr+1

E(xP* ka-i-i —
E( ) -

The sum appearing in the second summand of the last line belongs to E(F) by the induction hypothesis
since my +i —j < i. As x")(py) # 0, we end up with 272° = x*2* € E(F). This proves that
E(F) =aF. O

Example. In the situation of the lemma, the image E(x°* O[z] <y, ) will have a gap at 272 2% for 0 < i < my.
It will be filled by E(2°2O[2] <, +m,) since x™2)(xr2) # 0 and consequently E(x??2"7™2) is of the

form c;x”2 2" plus some lower degree terms in z, for some non-zero constant ¢; € C.

Theorem. (Normal form theorem vs3, general case) Let L = 37 p;j(x)0? € O[] be an n-th order
linear differential operator with holomorphic coefficients p; in O. Let S be a set of local exponents

of E with integer differences, ordered increasingly,
pr<p2<...<pr,
meaning that px+1 — pr € Nsg. Let my be the multiplicity of py. Set
F = 2P 0[z]<m, + 27202 <mytms + - - - + 27 Ol2] <ony +mot..4+m. -

Denote by Lo the initial form of L at 0, and assume that Ly has shift 0. There exists a linear
automorphism U : F — F such that the linear maps L and L, on F induced by L and Lg satisfy

Loail :Lo'

Moreover, if 0 is a regular singular point of L, then u restricts to a linear automorphism u : F — F

such that the linear maps on F induced by L and L, satisfy
Lo ul = Lo-
Proof. Repeat the proof of version 1 of the normal form theorem, using now Lemma 5 for ensuring the

required equality Ly (F) = z.F. O
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Corollary. In the situation of the theorem and assuming that L has a regular singularity at 0,
let y1 = 2, ... Ym, = ¥ log(x)™e =1, for p varying over all local exponents of L, be the basis of
solutions of the Fuler equation Loy = 0. Let F be defined as above with normalizing automorphism
u:F — F. Then

uHy) = u” (@), o, Y, = u ! (2P log(z) ™)

form a basis of solutions of Ly = 0. If Q@ = {p1,...,pr} is an increasingly ordered set of local
exponents with integer differences, the solutions yg; = u~ (2% log(x)?), for 1 <k <r, 0 <i < my,
of Ly = 0 are of the form

Ypri() = 2% [fri (x) + fr,i—1(z)log(z) + ... + fro(x)log(z)'] +
mi+...+me—1

+ Z TPt Z hkij(x)log(x)j,

l=k+1 J=mit..+me_1

with holomorphic fr; and hy;; in O, where all f; have non-zero constant term.

Proof. The first part is a direct consequence of the normal form theorem. The explicit description of the
solutions in the second part follows by a computation from the formula v = Idx — .S o T of the normalizing

automorphism v : F — F. O

Ezample. We consider the operator L = 220? — 220 + 2 + z with initial form Ly = x29? — 220 + 2, shift
7 = 0, indicial polynomial x(¢) = (¢t —1)(t — 2) with derivative x’(t) = 2t — 3, and local exponents o = 1,
p = 2 at 0 of multiplicity 1 each. So Q = {0, p} = {1,2}. Let f(z) = > po, ckz”, g(x) = > pr arz®,
h(z) =372 brz® with ay., by, ¢, € C be unknown holomorphic functions. The two prospective (linearly

independent) solutions of Ly = 0 are of the form
y(2) = 22f(x) = Y, cxak*? € 22Ca),
yo(z) = wg(z) + 2*h(z) log(z)
=Yoo apx™ T+ 3 (b log(z) € 2C{x} @ 22C{z} log(z).

The first one corresponds to the maximal exponent p = 2, the second to the exponent o = 1. Itis this second
one which interests us. We set y(z) = zg(z) + 22h(z)z € 2C{z} ® x2C{z}z and consider, according to

our preceding constructions, the operator L induced by L,
L:xC{z} ® 2°C{x}z — 2C{z} ® 22C{x}2,
L(y(x))) = (L + L'0:)(y(z)) = L(zg(x)) + L' (x*h(x)) + L(2*h(z))=.

Spliting L into two components, according to the direct sum 2C{z} & 2?C{x}z = 2C{x} x 22C{z}, the
map L decomposes into L = (L? + L'?, L?) = (L' + L'?, L?) with linear maps

L' : 2C{z} — 2C{z},
L?: 2°C{z} — 2C{x},
L?: 22C{z} — 22C{z}.
The analogous decompositions hold for the initial form Lg of L. We have the formulas
Li(z'F) = x(k + D)2t tF,
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L62(m2+k) — Xl(k + 2)x2+k,

L2(2%%) = y(k + 2)a2*.
The equation Ly = 0 is equivalent to

(Lo + L§ + x)(zg(z),2*h(x)) = 0
and

(L3 + x)(zg(z),22h(z)) = 0.
This just means that

Sono X(k + Daga?t 4 3502 X/ (k + 2)bpa® T2 + 3707 agabt? =0,
S no X(k 4+ 2)bpat 2 4 377 bttt =0,
say,
Yo (k? = k)agatt + 307 ((2k + 1)bpa® 2 + 3077 Jagatt? =0,
Sonso (K% 4 k)bpaht? 4+ 370 bpaktE = 0.
Reordering the sums gives
Sro((k+ 1) = (k+ 1))agpaa™™2 + 372 apah ™2 + 3707 ((2k + 1)bpa*+? = 0,
Sreo((k+1)2 + k+ 1)bpgra® 3 + 372 bpa®+3 =0,
from which we get the following system of linear recurrences (k > 0)
ar + (K + k)ars1 + (2k + )by, = 0,
b + (k? + 3k + 2)bg 1 = 0.
We distinguish two cases, by = 0 and by # 0. In the first case, we get by, = 0 for all £ > 0, and from this
follows ag = 0, a; € C arbitrary, and
ap = —mak—l = —ﬁak—l

for £ > 2. We choose a; # 0 in order not to get the trivial zero solution. In the second case, we may take
by € C* arbitrary, and then the second set of recurrences implies, for & > 1,

b = ~ st Aa -1 = R k-1
The first set of recurrences then implies ag = —bg # 0, a1 € C arbitrary, and, for k > 2,

a, = — gt (a1 + 20k = 1) + Dbea] = — g a1 + (2K — 1)bg—a].

The first case yields the solution g (x) = x2g(z) with g holomorphic of order 0, corresponding to the
maximal exponent p = 2, the second case the solution y2(z) = zg(z) + 2%h(x)log(z) with g and h

holomorphic of order 0, corresponding to the smaller exponent o = 1.

It may irritate here that two coefficients, namely by and a1, can be chosen arbitrarily. But in fact, varying
ay in the expansion of yo () just adds a multiple of the solution y; () to y2(z): the recursions for ay, are

the same in both cases, up to adding %bk_l in the second case.
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NOTES PART VII&VIII: ALGEBRAIC SERIES

We will show in this double section that any algebraic power series is D-finite, i.e., satisfies a linear
differential equation with polynomial coefficients. Further, that any algebraic power series with rational
coefficients is almost integral (or: globally bounded), i.e., has integer coefficients if one multiplies the

variable = with a suitable positive integer.

Proposition DIFF. (Abel 1827, Cockle 1860, Harley 1862) Let y(z) € Cl[[z]] be an algebraic power
series. There exists a differential equation Ly = 0 with polynomial coeffficients which annihilates
y(z) and all its conjugates, that is, y(z) is differentially finite. An equation of minimal order can
be constructed from the minimal polynomial P of y(x) or, alternatively, from the set of conjugates
of y(z). Its order is the dimension of the C-vectorspace spanned by the conjugates of y(z). [Stanl,
Thm. 2.1, p. 178, Stan3, vol II, Thm. 6.4.6, p. 190, Comt, p. 267, CSTU]

Remarks. (a) The statement holds more generally for algebraic Puiseux series y(z) = > po aypa®/¢,
e > 1, with the same proof, and also over arbitrary fields of characteristic 0. Matzat claims that the minimal
differential equation of an algebraic power series in Q[[x]] has 0 as a non-singular point [Matz, p. 684-685].
Note here that this is not the case for algebraic Puiseux series, as y(x) = +/z has differential equation

xy — %y = 0 with regular singularity at 0.

(b) Already Frobenius shows that if the conjugates of an algebraic series span a C-vectorspace of dimension

m then they satisfy a differential equation of order m [Frob2, p. 242].

(c) The construction of L given in the two proofs is not as explicit as one would wish. No direct formula for
L in terms of the minimal polynomial P of y(x) seems to be known, not a characterization of the differential

equations which can arise in this way.

First proof. If P(x,y) is the minimal polynomial of y(x), it is irreducible in K (x)[y], hence P and 0, P
have no common factor in K (z)[y]. Choose A, B € K (z)[y] such that AP + BJ, P = 1. It follows that
B(z,y(z)) - 0yP(x,y(x)) = 1 and hence m € K(x)[y(z)]. Differentiating P(x, y(z)) = 0 with
respect to x yields
_9.P(y()
Oy P(x,y(x))
By the same argument with y(x) replaced by y'(x) (which is again algebraic over K (x)) we get that
y'(z) € K(z)[y'(z)] € K(x)[y(z)]. Iteration yields y¥) (x) € K (x)[y(z)]. But K (z)[y(x)] is generated

over K(z) by 1,y(z),...,y(x)™ with m = deg, P — 1, and is hence a K (x)-vectorspace of dimension

Y (z) = € K(x)[y(w)].

less than or equal to the degree of algebraicity of y(xz). This implies that y(x) and its the successive
derivatives ¢/ (z), y" (), ..., y™ () are linearly dependent over K (z), so there exists a differential operator
L € K|[z][0] of order < m with Ly(z) = 0. O

Second proof.* Let Sp(z) be a splitting field of P over C(z). We may choose Sp(z) inside Puis((z)).
The differentiation in Puis((x)) with respect to z restricts to a derivation & on Sp(z) since the derivative
y'(x) of aroot y(x) of P in Sp(z) is a rational function of = and y(z) and thus belongs again to Sp(x): to
see this, it suffices to derive P(x,y(x)) = 0 with respect to x, 0, P(z, y(z)) + 0, P(z,y(z))y'(z) and to

express the resulting inner derivative y'(x) in terms of « and y(x).

* We are indebted to Michael Singer for explaining to us this construction of L [e-mail October 30, 2020], see also [CSTU, p. 356].
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Alternatively, by the theory of differential fields, one may also use that the derivative on C(z) extends
uniquely to splitting fields of polynomials P in C(z)[y], see [vdPS, ex. 1.5.3(c), p. 5]: We will show this
only for extensions C(z)[y]/(P(z,y)) where P is irreducible. The argument works for any finite extension
of a differential field. As 0, P is relatively prime to P in C(x)[y], we may choose A, B € C(x)[y| such
that AP + B0, P = 1. Define via 0y = —B(z,y)0,P(x,y) a derivation on C(z)[y] extending J,, on
C(x). It sends by construction P to the ideal (P) and thus induces a derivation on C(x)[y]/(P(z,y)) as
required. This proves the existence. Uniqueness goes as follows: Let 3 denote the residue class of y in
C(x)[y]/(P(z,y)). It is algebraic over C(z) with minimal polynomial P. Let § be another derivation on
C(x)[y]/(P(z,y)) fixing C(x). Then e = J — § is zero on C(z). Write P = Z?:o P;(x)y’. We get

e(P) = o e(Pi(@)y' + iy Pi(2)e(y’) = ely) iy iPu(a)y™".
From P(z,7) = 0 and the minimality of P with respect to 3 now follows that () = 0. This proves

uniqueness. Iterating this process for the successive extensions from C(z) to Sp(x), we see that there exists

a unique extension of the derivation 9, on C(x) to Sp(x).

We continue with the construction of the minimal differential operator annihilating an algebraic power
series. Choose a C-basis y1, ..., y, of the vectorspace Vp(x) C Sp(x) generated by the roots of P (to
easen the notation, we suppress the dependence of y; on z). We have Vp(z) = @, Cy; C Sp(x) =
C(x,y1,-.-;Yn)- In general, n will be smaller than the degree deg P of P. The Wronskian matrix of n

series Y1, ..., Yn 1S

W Tt Yn

Voo U

Wy, yn) = ' '
y%n—l) L yﬁbn—l)

Denote by w(y1, ..., yn) = det W (y1, ..., yn) its determinant. Let y be a variable, denote by 3/, ..., y(™ its

formal derivatives and consider the Wronskian

y yl DY yn
y' vio o n
W(ya Yty ey yn) =
n-— n.—l n.—l
N
NI ORI

with determinant w(y, y1,...,Yn). Now, for y1,...,y, a basis of Vp, define the n-th order differential
operator L € C(z,y1,...,yn)[0] = Sp(x)[0] by
_ ’U}(y, Yty .oy yn)
w(yla wrey yn)
Clearly, L annihilates y1, ..., yn, by the properties of the Wronskian, and L € C(x)[9]. We will show that

Ly

L € C(z)[0), i.e., that the coefficients of L are rational functions, and then, after multiplication of L with

their common denominator, even polynomials.

The action of the Galois group G of Sp(x) over C(z) extends trivially to Sp(x)(y, v/, ...,y™), leaving
the variable y and its derivatives y(*) fixed. Note that the action of G commutes with differentiation (with

respect to x) in Sp(z),
(oyi)' = oy;.
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Indeed, the derivation § on Sp(x) givenby z — 0~ 1(02) equals, when restricted to C(z), the differentiation
d of C(x). By the uniqueness of the extension 8 of d to Sp(z) we get § = 0. [ee ... one may also extend

the action of G to Puis((z)) and then restrict to Sp(x)].

Let o0 € G be a group element, and denote by [o] the matrix of ¢ € GL,,(C(z)) with respect to the basis
Y1, -, Yn of Vp(x). We claim that o L = L. We have

U’LU(y, Yiyeny yn) = w(o—y, OY1y-eey Uyn) = ’U)(y, Y1y -eey Jyn) = det[a]w(y, Yiy-eey yn)

and

oW(Y1, oy Yn) = W(OYL, ..., oY) = det[o]w(y1, ..., Yn)s

which gives the claim. As this holds for all ¢ € G, it follows that L € C(x)[0]. So we have found a
differential equation Ly = 0 which is satisfied by all roots of P.

Let us show that it is minimal. Let L’ be any other linear differential operator annihilating one of the roots
of P. The elements of G act transitively on the roots of P. As they commute with the derivation on Sp(z)
we get that L’ annihilates all roots of P, hence Vp(x). We divide L’ by L inside C(x)[9], L' = ML+ N
with N an operator of order < n, the order of L. But also N annihilates Vp (), which has C-dimension n.

Hence N = 0 and L' is a (left)-multiple of L. This concludes the second proof. O

Remark. The first proof does not give an explicit formula for the differential equation satisfied by y(z). It
shows, however, that the order of L is less than or equal to the degree of algebraicity of y(x). The order
of L may be much smaller, as show the examples where the dimension of the vectorspace generated by the
conjugates of y(x) is smaller that the degree of algebraicity. In [CSTU], various algorithms are discussed of
how to determine the minimal differential operator L annihilating all roots of a polynomial P € K (z)[y].
Note that L need not be irreducible, see [CSTU, Thm. 5.1, p. 376, Prop. 5.4, p. 378, Ex. 5.6, p. 385, Ex. 5.15,
p. 391].

Ezamples. (R5) First order equations y' — ry = 0 can be rewritten log(y)’ = r with solution y(z) =

exp(R(z)), where R is a primitive of . If y(x) is a rational function, 7(x) = "{;((;)) will be rational as well,

with only simple poles. We will investigate later on for which r the solution y(z) is a rational function or an

algebraic series. S. Yurkevich showed recently thatif » € Q(x) and ¢y’ — ry = 0 has a power series solution
y(x) € Z][[x]] with integer coefficients, then y(x) is already algebraic. In fact, y(z) will then be the m-th

root of a rational function, for some m > 1.

(R6) Let P € C(z)[y|] be an irreducible polynomial of degree d > 2. Assume that the coefficient

a = aq_1(x) of yd=!

in the expansion of P is non-zero. Set L = 0 — % This is a first order operator
with rational coefficients. Let L’ be any operator annihilating the roots y, ..., yg of P in Puis(z). Write
L' = ML + N with N an operator of order 0. As L and L’ annihilate z = y; + ... + yq [ee ... 7] we get

N =0, hence L' = ML is a multiple of L.

(R7) Let y(x) = v/1+x + /2 + x. This is an algebraic series with minimal polynomial P = (y* —
2z — 3)? — 2(2? + 3z + 2) of degree 4. Its roots are ++/1 + = & /2 + x, spanning the two-dimensional
C-vectorspace Vp(z) = Cy/1+ 2 + Cy/2 + z. By what we said earlier, we thus know that the minimal

operator annihilating the roots of P has order 2. The coefficient as(z) of P is 0, so we are not in the situation
of example R6. But both L, = 9 — 37 and Ly = & — 51 divide L from the right, L = MLy = MjLo.

So L is reducible. Actually, it is the least common left multiple of L; and L.
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(R8) The divergent series y(z) = Y po kla"t! = x4+ 2% + 223 + 621 + 242° + ... (example 6’ in
the Introduction) is differentially finite with minimal equation Ly = z3y” + (22 — )y’ + y = 0. The
series is integral and transcendent (since divergent), and O is an irregular singularity of L. The initial

form at 0 is given by the first order operator Ly = —x0 + 1, while L has order 2. Note that the function
1

y1(x) = exp(—1) is also a solution of Ly = 0. Further, y2(z) = exp(—2) - Ei(—1) is a second, linearly

independent solution, with Fi(x) = [ ’ %tdt = —v —log(x) — Z(fl)k kx kk! the exponential integral,
and 7 the Euler-Mascheroni constant. Tc:prove that yo(x) is a solutfon, use Ei(z) = —L exp(—x).
The expansion at infinity is (see example (I11) in the introduction)
L=08+ 2z +a" — 20427,
Funny enough, y1(2) = exp(—z) is not a solution of the equation Ly = 0, nor y(2) =21 %

(R9) In [Stanl, remark (g), p. 186] Stanley asks for an algorithm which should allow one to decide whether
a differentially finite power series y(x) is algebraic. In general, by studying the asymptotics of the series,
transcendence is easier to prove. The series y(z) = Y ;- (2}5) am is transcendental for all integers m > 1;
responding to a question of Stanley in [loc.cit.] itis proven in [ABD, p. 5] that also z(z) = > ;< (2kk) amrd

is transcendental.
The differential equations for y(x) and m = 1,2, 3,4 are given by the irreducible operators
m=1:L=(1-4x)0—2,
m=2: L= (r—1622)0% + (1 — 322)0 — 4,
m=3: L= (22— 6423)03 + (3z — 28822)9? + (1 — 208x)0 — 8
m=4: L = (23 — 2562*)9* + (622 — 204823)9% + (Tz — 37122%)9% + (1 — 12802)0 — 16.

For m = 3, the operator L is the symmetric square of L; = (64z2% — 2)9? + (962 — 1)0 + 4, and the

solutions of Ly = 0 are hypergeometric series of the form
yi(z) = (F(1/4,1/4;1/2;1 — 64x)?,
ya(x) = F(3/4,3/4;3/2;1 — 64x)* - (64 — 1),
ys(x) = F(1/4,1/4;1/2;1 — 64x) - F(3/4,3/4;3/2;1 — 64x) - /642 — 1.

(R10) Take the polynomial P(x,y) = 2%y — 2* — y* defining an algebraic curve X C C2. The origin is
a singular point of X, with tangent cone defined by x?y = 0. It turns out that X has two local analytic
branches at 0, one smooth and tangent to the x-axis, the other singular with vertical tangent and cusp

singularity isomorphic to #2 — y* = 0, see Fig. CTBA.
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Input interpretation:
plot ¥y (x* - ya) -x*=0

Implicit plot:

Figure CTBA: The real plane algebraic curve with equation 2%y = 2* + y*.

The four solutions y(z) of P(z,y) = 0 define local parametrizations of the branches. Computations with

Maple yield
y1(x) = 2% + 26 + 4210 4 22214 + 140218 + O(2??),

2 10 1 22
Yoza(w) = &xd — La? — gg% 5 — %fm 3 — %xﬁ +O0(z7),

W=

where ¢ is a third root of unity. The minimal differential equation is
(2723 — 25627)y" — (8122 + 76825)y” + 141zy’ — 120y = 0.
It can be proven that the equation is a symmetric square.

(R11) Take the polynomial P(z,y) = xy — x> — y* defining an algebraic curve Y C C2. The origin is a
singular point of X, with tangent cone defined by x(y — ) = 0. It turns out that X has two local analytic

branches at 0, both smooth and tangent to the y-axis, respectively, the first diagonal, see Fig. CTBB.

e e

0.4

Figure CTBB: The real plane algebraic curve with equation zy = 2% + y*.
The roots are the (algebraic) series
y1(x) = 2 + 23 + 425 + 2227 + 1402° + 9692 + 7084213 + 53820215 + 420732217 4+ O(21?)

and

_ 1. 2.5 2,72 1,3 364,11 5236, 4,5 135850,.1C
Yo(o) = 03 — 3o — 523 — o¥ — 307 — S5rI — GEard — g so0a9 L * T O(x

o3

).
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The minimal differential equation is
(2723 — 2562°)y"" — 768z*y" + (15z — 19223)y’ — 15y = 0.
Its unique power series solution is

y(x) =2 F(gf 515 5 502%) - F35, 35 53 5 2?),

the other two solutions being Puiseux series. The equation is a symmetric square, for instance of
(10822 — 1024x*)y"” — 102423y’ + (15 + 6422)y = 0.

(R12) In the example of [Stanl, ex. 2.5, p. 179] it is mentioned that the secans function y(x) = sec(x) =

ﬁm is not differentially finite, whereas its inverse inverse z(z) = cos(x) is differentially finite with

equation 2" + z = 0.

Remarks. (a) It follows from Prop. DIFF that the minimal differential equation of an algebraic power
series has only algebraic power series solutions: a transcendent power series solution or logarithms cannot
appear. However, the minimal differential equation of a transcendent differentially finite series may also
have algebraic solutions, see example 9 of Ke-Ying and Jinzhi from section P. The defining operator is then
necessarily reducible, in view of Prop. IRR.

(b) [Singer, mail oct 30 2020] The second proof of Prop. DIFF shows that the minimal differential operator
L annihilating an algebraic power series y(x) is reducible if and only if the C-vectorspace Vp(x) spanned
by the conjugates of y(x) contains a proper non-zero subspace W which is invariant under the action of
the Galois group G of the splitting field Sp(x) of the minimal polynomial P of y(x). [ee ... Actually,
this algebraic Galois group G coincides with the differential Galois group associated to the Picard-Vessiot
extension of the annihilating operator L. Here, the Picard-Vessiot extension is defined as a minimal extension
of C(x) containing all solutions of the differential equation Ly = 0. It coincides in the present setting with
the splitting field of the polynomial P.]

(¢) [ee ... In Prop. ONE we have seen for order one equations ¢y’ = ry with r rational function how to deduce
the existence of an algebraic solution if one knows that a power series solution with integer coefficients
exists. One may want to apply a similar method to order two equations, y” = ry’ + sy with rational
functions r and s. A special and possibly easier case would be equations of the form 3" = sy, without first

order derivative.

Let us check whether a second order Euler equation z2y” + cay’ + dy = 0 can be brought into the form

2%y + dy = 0. This latter equation has indicial polynomial x = r(r — 1) +d = r? —r + d. Sety = 2%z

and substitute for y in the equation. We get

2[ala — 1)z 22 + az® 12 + 292"] + cxfax®™ 2z + 22| + dz®z = 0,

say,
ala —1)z% + az® 12 + 29722 + clax®z + 29712'] + dxz = 0,
922" + (a + )z 2 + (ca + a(a — 1) + d)z%z = 0.
Setting a = —c, say, z = x°y, gives

227" + (=2 +c(c+ 1)+ d)x=2 =0,
and then, multiplying with z°,
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222" + (c+d)z = 0.

An algebraic power series h(z) with h(0) = 0 is called étale algebraic if its minimal polynomial P(x,y)
satisfies the assumption 0, P(0,0) # 0 of the implicit funtion theorem. It is then the unique power series
solution of P(x,y) = 0 at 0. It can be constructed iteratively up to any degree by Newton’s algorithm.
The respective definition also applies for algebraic series with non-zero constant term, assuming that
0y P(0, h(0)) # 0. The next lemma says that any algebraic series becomes étale algebraic after clipping off

its expansion up to sufficiently high degree. It also holds for series in several variables.

Simple Root Lemma. (one variable case) For any algebraic series h(z) = ro, cxz® in one variable
over a field of characteristic 0, there is an integer e > 1 such that the series a(z) = ZZ’;6H cprh—e
is a simple root of its minimal polynomial. Said differently, every univariate algebraic series

decomposes into a sum

h(z) = k(z) + z°¢ - a(x)
of a polynomial k and a monomial multiple x¢ - a of an étale algebraic series a.
Remarks. (a) For the proof it is convenient to choose the decomposition such that a(0) = 0.

(b) For e one can choose the order of 0, P(x,h(x)). How does it relate to the degree of the minimal

polynomial without knowing h? Is there an effective way to determine e?

Proof. Let P(z,y) be the minimal polynomial of k. It has minimal degree, hence its partial derivative 9, P
has non-zero evaluation at h, say, 0, P(x, h(z)) # O [... in positive characteristic p > 0, it could happen
that 0, P is identically zero, but then P would have been a polynomial in y? as e.g. y? — (1 + z).]. Let
e > 0 be the order of 0y P(z, h(z)). Write h(z) = k(z) + a(z) - ¢ with a polynomial k(z) of degree < e

(the truncation of h at degree €) and a series a(x) vanishing at 0, a(0) = 0. Taylor expansion gives
0=P(z,h)=Plz,k+a-2°) = P(z,k) + 0y P(z,k) -a-2°+ S(z,a - z°),
with S(z,y) a polynomial of order at least two in y. Now observe that
OyP(x, k) = 0yP(x,h—a-x) = 9yP(x,h) — 0y P(x,h) - a-z°+T(z,a-x°,

with T'(x,y) a polynomial of order at least two in y. As a(0) = 0 and hence ord(a - z¢) > e, and as
ord(T'(z,a - x°)) > e, it follows that 9, P(z, k) and 0, P(x, h) have the same order e. From the first
displayed equation we now conclude that P(z, k) has order at least 2e. Write it as P(x, k) = 2%¢ - R(x)
for some polynomial R(z). Divide the first displayed equation by 2:2¢ and get

a+Q(z,a)+ R(x) =0

with Q(z,y) = 272¢ - S(z,y - 2°) a polynomial of order at least two in 3. Thus the series a(x) =

—e

27 (h(x) — k(z)) is a simple root of the equation

P(z,y) ==y + Q(z,y) + R(x) = 0.

Remarks. (a) The attentive reader will observe that the proof is a predecessor of the proof of the Artin
approximation theorem given below.

(b) If the series h is defined over Q, the polynomials P and @ will involve finitely many rational coefficients.
Replacing then x by an integer multiple L - = with L having sufficiently many prime divisors (e.g., taking

for L the least common multiple of all occurring denominators of P and @), one achieves via P (L?-z,Ly)
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a minimal polynomial for a(L - z) with integer coefficients. This observation will be useful in the proof of
the Eisenstein theorem below.
(c) It seems that the above proof does not use that K has characteristic zero.

(d) Algebraic series with complex coefficients are holomorphic.

Eisenstein’s theorem (Eisenstein 1852) [Hei, Herm, Sus] Let h(z) = Y cix* € Q(x) be an algebraic
series in one variable with rational coefficients ¢ € Q.

(i) The denominators of the coefficients ay have only finitely many prime divisors.

(ii) There exists a non-zero integer £ € N so that h(¢ - x) € Z(z) has integer coefficients, i.e., h is

globally bounded.

Remarks. (a) Clearly, assertion (ii) implies (i). Eisenstein stated the theorem without proof in 1852 in the
case where h is an étale algebraic series. Heine proposed in 1853 a proof which seems to be incomplete, and
then gave in [...] a rigorous proof, cited by Pélya and Szegé in [PoSz]. They also cite Weierstrass. See also
[Ber] for an alternative proof within classical algebraic geometry and using the Riemann-Roch theorem.
Other proofs were proposed by Hermite and Susak.

(b) We have already seen that rational series are globally bounded. The example /1 + x of the introduction
is also globally bounded.

(c) There are various attempts to bound the smallest integer ¢, the so called Eisenstein bound [DvP, Schm,
BiBo, DwR].

(d) The theorem implies that univariate algebraic series with rational coefficients which are not polynomials
have finite radius of convergence. Indeed, a series in Z(x) is either a polynomial or has radius of convergence
<1

(e) Denef and Lipshitz prove in [DeLil, Thm. 6.2, page 60] that any algebraic series in n variables is the
diagonal of a rational series in 2n variables. From this follows immediately Eisenstein’s theorem in several
variables, see below. Safonov [Safl] states and seems to prove the multivariate version of Eisenstein’s
theorem using the description of multivariate algebraic series as certain diagonals of rational series in just

one more variable.

Proof. We give two proofs. (i) (via implicit function theorem) By the univariate Simple Root Lemma we
may assume (after truncation at a suitable degree and division of the remainder series by a monomial) that
h is an étale algebraic series. Write the minimal polynomial of h as P(z,y) = ¢y + Q(z,y) + R(x), for
¢ € Z\ {0}, with polynomials @ and R with integer coefficients and such that () is at least quadratic with
respect to y.

After substitution of x by ¢ - x and multiplication of y by £ we may assume that P is in fact of the form
P(z,y) = y+ Q(x,y) + R(x) with polynomials ) and R with integer coefficients. The Newton algorithm
described to construct the solution of P(x,y) = 0 at 0 then yields the series 2(x). It must have integer

coefficients since no divisions occur. This is what had to be shown.

(ii) (via diagonals) One may also use Furstenberg’s theorem: Every univariate algebraic series h(x) with
coefficients in Q is the diagonal of a rational series in two variables: r(y, 2) = >, cijytzd, diag(r)(z) =

>, ciixt. Ttis easy to see that rational series are globally bounded, and hence also their diagonals are. O
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